We investigate the combinatorics of truncated Haar-distributed random unitary matrices. Specifically, if U is a random matrix from the unitary group
The condition d ≥ n was removed in [11] , where it was proved that
The sum in (3) is over all partitions λ of n with at most d rows, and f λ denotes the number of Standard Young Tableaux of shape λ. The combinatorial significance of (3) is that, by the Robinson-Schensted correspondence, the sum on the right gives the number of permutations in the symmetric group S n with no increasing subsequence of length greater than or equal to d.
One way in which (3) can be generalized is by allowing f to be any elementary symmetric polynomial e j , 1 ≤ j ≤ d. In this case one obtains, again via the Robinson-Schensted correspondence, a combinatorial interpretation for the integral U (d) |e j (U )| 2n dU in terms of magic squares [4] . In this paper we generalize (3) in a different way, not by replacing the trace by a different symmetric polynomial, but by changing the matrix in the integrand. A well-known unitary matrix integral which is of a different sort from those already discussed is
This corresponds to the computation of the n-th moment of the square of the modulus of an individual entry of a random Haar distributed unitary matrix. One easily deduces from (4) that the random variable √ du 11 is asymptotically a standard complex Gaussian in the d → ∞ limit. We place (3) and (4) in a common framework by considering the integral
where U k denotes the k × k upper left corner of the matrix U, for any 1 ≤ k ≤ d. Note that since the d × d permutation matrices are unitary, the value of (5) is unchanged by replacing U k by any other k × k submatrix of U ; thus U k is the canonical choice. We give a formula for (5) which reduces to (3) in the case k = d and to (4) in the case k = 1. The matrix U k is referred to as the k-truncation of U. Truncations of random unitary matrices have recently been considered in the physics literature in connection with problems of quantum chaotic scattering [12] , [6] , [8] .
Our main result is the following.
Theorem 1 is surprising in that the "combinatorial" part of it, namely the partition sum, extends the structure of (3) so directly. The combinatorial evaluation of (3), i.e. the k = d case of (5), involves counting Standard Young Tableaux on pairs of Young Diagrams of identical shape, where that shape has exactly n boxes and at most d rows. In the case k < d, we consider again Standard Young Tableaux on pairs of Young diagrams, where both diagrams have exactly n boxes and at most k rows, but now one of the diagrams has the rectangle ρ glued to its left edge, as pictured below.
Theorem 1 is proved via the so-called "Colour-Flavour Transformation," a certain integral transform introduced by the physicist M. Zirnbauer in the context of supersymmetry [15] , [16] , [17] . In particular, we will use a recent extension of the Colour-Flavour Transformation from [14] . Essentially, the main obstruction to evaluating the integral
is not a symmetric function in the eigenvalues of U. The Colour-Flavour transformation allows us to prove that
)dV for certain functions f, g which are in fact symmetric polynomials in the eigenvalues of V, and thus can be expanded as linear combinations of Schur polynomials. Schur orthogonality and standard techinques from the theory of symmetric functions then allow us to evaluate the latter integral nicely.
Symmetrizing the Integral via the CFT
The Colour-Flavour Transformation (CFT) is an integral transform introduced by the physicist M. Zirnbauer [17] . The CFT and later variations of it have proved to be very useful in physics, finding applications in lattice gauge theory, random network models, and quantum chaos theory (see [8] and references therein). Though Zirnbauer's original approach to the CFT was different, it was eventually realized that all variants of the CFT are consequences of the representation-theoretic concept known as Howe Duality [15] , [16] . A recent mathematical treatment of the CFT is [8] .
It turns out that a very recent formulation of the CFT due to Wei and Wettig [14] is perfectly suited to the task of "symmetrizing" the problematic integral (5). The following is formula 2.5 in [14] (we have translated the physics notation of [14] into a form more familiar to combinatorialists):
where ρ is the k × d − k rectangular parition, and H(ρ) is the hook product of this partition.
Now let x be a real number. Taking X = Y to be the d × k matrix with x's down the main diagonal and all other entries 0, (5) reduces to
The motivation behind introducing the variable x is of course to expand both sides of (6) in power series and obtain an identity by equating coefficients. The identity we obtain is the following.
Corollary 0.2.1.
Proof. Expanding the left hand side of (5) into a power series in x, we obtain
where the last equality follows from the fact that the integral of a polynomial f in the entries of U and U * over U (d) vanishes unless the degree of f in the entries of U is equal to the degree of f in the entries of U * (see [3] for a proof of this fact). Now expanding the right hand side of (5) into a power series in x we obtain
where the last equality is due to the fact that the integrand Tr(V )
has degree m in the entries of V and degree n + k(d − k) in the entries of V * , and thus integrating this will yield 0 unless m = n + k(d − k).
Equating the coefficient of x 4n+2k(d−k) in either expression and applying the Hook Length Formula H(ρ) =
, we obtain the stated identity.
The integrand in (7) is a symmetric polynomial in the eigenvalues of V. Thus we can write the integrand as a linear combination of Schur functions in the eigenvalues of V and V * and use Schur orthogonality to evaluate the integral. Hence we may prove Theorem 1 as follows:
Proof. We have the following expansions in terms of k-variable Schur poly-nomials (see e.g. [13] )
where the e's are elementary symmetric polynomials in k variables, and
is the Kostka number which counts the number of semistandard Young tableaux of shape ν and content
Since it counts semistandard tableaux on the shape ν with entries from the set {1, 2, . . . , d − k}, K ν (k d−k ) will be zero unless ν has at most d − k rows. On the other hand, since (ν) ≤ k, ν has at most k columns. Thus,
Thus we have
where the numbers c τ µρ are Littlewood-Richardson coefficients. By Schur orthogonality, we thus have
Now consider the inner sum 
Thus we finally have that
Non-Intersecting Walks on Z
In the case k = d, Theorem 1 is the statement that
i.e. that the matrix integral enumerates pairs of Standard Young Tableaux on the same shape, where the shape has n boxes and at most d rows. By the Robinson-Schensted correspondence, this is equal to the number of permutations in the symmetric group S n with longest increasing subsequence of length at most d. We would like to obtain a similar combinatorial interpretation for our matrix integral (1) in the range 1 ≤ k < d; however in this range Theorem 1 involves pairs of Standard Young Tableaux on non-identical shapes (see Figure 1) , so the usual form of the Robinson-Schensted correspondence does not apply.
Here we consider one possible way in which the Robinson-Schensted correspondence can be extended; this is a result of Adler and Van Moerbeke [1] . Fix partitions µ, ν and let m = max( (µ), (ν)). Define integer points x 1 (µ) < x 2 (µ) < . . . x m (µ) and y 1 (ν) < y 2 (ν) < . . . y m (ν) by
. . .
Thus µ, ν determine the discrepancy from close packing of the x's and y's, respectively. Now fix nonnegative integers T L , T R ≥ 0. It is proved in [1] that there is a bijective correspondence between the set of all pairs (P, Q) of Standard Young Tableaux on shapes λ/µ and λ/ν, where λ ranges over all partitions satisfying λ ⊃ µ, ν, |λ/µ| = T L and |λ/ν| = T R , and (λ) ≤ m and the set of all ways in which m non-intersecting walkers can depart the positions x 1 (µ) < · · · < x m (µ) and arrive at the positions y 1 (ν) < · · · < y m (ν) such that at each instant 1, . . . , T L exactly one walker moves one step left, and at each instant T L + 1, . . . , T L + T R exactly one walker moves one step right.
times the number of ways in which k non-intersecting walkers can depart k adjacent positions and move to k adjacent positions shifted d − k units to the left by taking n + k(d − k) left steps followed by n right steps.
The following schematic illustrates the initial and final positions of the walkers, and the steps which they take. 
Concluding Remarks
1. In a previous article [9] , we gave a different formula for the integral (5) which is again a direct extension of (3), but does not readily lend itself to combinatorial interpretation:
where s λ (1 k ) denotes the Schur polynomial in k variables evaluated at the vector all of whose entries are 1; this is equal to the number of Semistandard Young Tableaux of shape λ with entries from the set {1, 2, . . . , k}. Thus we have indirectly established the identity λ n (λ)≤k
2. A formula for f λ/ρ can be given in terms of the shifted Schur functions introduced by Okounkov and Olshanski [10] . By their results, we may write Theorem 1 as
where s * ρ is the Shifted Schur polynomial of shape ρ applied to the rows of λ.
